
Measuring second-order time-average pressure
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Measurements of the spatial distribution of the time-averaged second-order pressure in a plane
standing wave in atmospheric air are reported. Several measurement pitfalls are identified, and
solutions are described. These include accounting for slight nonlinearity of the piezoresistive
transducer and careful mounting of the transducer. Streaming causes extra complication when a
capillary-connected manometer is used. With the proper technique and instrumentation, results are
in good agreement with theory. ©2001 Acoustical Society of America.
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I. INTRODUCTION

In thermoacoustic engines and refrigerators, stream
can transport a significant amount of heat. One ini
attempt1 to diagnose such streaming by measuring
second-order time-average pressure differences accomp
ing it was qualitatively reasonable but did not inspire hi
confidence in quantitative accuracy. Hence, we undertook
simpler measurements described here to learn how to m
sure second-order time-average pressure differences a
rately and routinely.

For our purposes, a nonlinear periodic pressure w
can be described by

p~x,y,z,t !5pm1Re@p1~x,y,z!eivt#1p2,0~x,y,z!

1Re@p2,2~x,y,z!ei2vt#1¯. ~1!

The Eulerian pressurep, which is the pressure at a give
locationx,y,z as a function of timet, is written as the sum o
several terms. The mean pressurepm is the steady pressur
that exists in the absence of any acoustic oscillation. I
usually independent ofx,y,z, because body forces such
gravity are usually negligible. The fundamental acoustic
cillation at angular frequencyv52p f is accounted for with
the complex functionp1(x,y,z), whose magnitude gives th
amplitude of the fundamental pressure oscillation and wh
phase gives the temporal phase of the oscillation. In the
sence of nonlinear effects thesepm andp1 terms might suf-
fice. However, nonlinear effects, such as that described
the (v•“)v term in the momentum equation~wherev is the
velocity!, generate both harmonics such asp2,2 and time-
averaged phenomena such as streaming and the t
averaged second-order pressure denoted here byp2,0. In our
notation, the first subscript, 2, indicates that the magnitud
this term is second order in the acoustic amplitude, and
second subscript, 0, indicates the temporal frequency of
term. Measurement ofp2,0 is challenging because it is muc
smaller than bothpm and up1u.

The nature and magnitude ofp2,0 have generated activity
and controversy in the acoustics literature. Twenty years a
much of this activity was inspired by the desire to understa
the radiation pressure on an acoustically levitated sph
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Decades earlier, the interest focused on the radiation pres
exerted by an ultrasonic beam on a flat plate. This body
work is reviewed by Lee and Wang,2,3 who rightly point out
that the confusion and controversy arise because radia
pressure is a small, subtle nonlinear effect, and in partic
that extreme care must be taken to pose questions clear
is widely accepted2–4 that

p2,05
up1u2

4rma2
2

rmuv1u2

4
1C, ~2!

if viscous and thermal effects can be neglected, whererm is
the mean density,a is the speed of sound, andC is a constant
that is independent of space and time. For the plane stan
wave of interest to us below, whose pressure amplitude isP1

~a positive real number! at the pressure antinodex50, the
fundamental wave is described by

p1~x!5P1 coskx, ~3!

and
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However, to achieve these experimental results we
to avoid the many subtle pitfalls discussed in Sec. IV, o
some of which we had anticipated. Some pitfalls depend
the hydrodynamics and acoustics of the wave and the w
to-transducer fluid interface; others are characteristic of
particular transducer we used. The main purpose of this
per is to explain these pitfalls, so that other researchers
avoid them.

II. APPARATUS

The apparatus used in this study is shown schematic
in Fig. 1. All measurements are made with 80-kPa air~atmo-
spheric pressure at Los Alamos! inside of a 0.91-m-long alu-
minum pipe having an inner diameter of 10.2 cm. The
end of the pipe is closed by a plate that enforces a velo
node at this location. The flow entering the pipe at the low
‘‘open’’ end passes through a honeycomb flow straighte
~10-cm-long, 4-mm-diameter tubes, with nearest neighb
separated by 0.25-mm-thick web! to ensure that no large
turbulent structures enter the pipe and that the velocity p
file is uniform. Pressure measurements are made at
equally spaced locations~including the closed end! that ex-
tend down the entire pipe. The measurement ports are s
gered azimuthally to prevent any disturbance created at
port from affecting another. The clean geometry is desig
to create a plane standing wave as described by Eqs.~3! and
~4! with x50 at the closed end, and therefore a known d
tribution of p1 andp2,0.

The wave is generated by a driver system consisting
eight JBL 2206H loudspeakers. The speakers are arrang
four parallel sets of two speakers in series. This arrangem
is capable of providing sufficient displacements and lar
pressure amplitudes than are possible with all eight spea
in parallel. In order to allow for operation outside of th
manufacturer’s specifications for electrical power and f
quency without thermal damage to the voice coil, the pass
cooling system provided in each speaker by the manufact
is replaced by the active system sketched in Fig. 1~b!. The
cooling flow loop is closed to ensure that no air is added
removed from the apparatus. Air driven by a blower
cooled by a heat exchanger before entering eight par
paths, one to each speaker. The air enters the speaker th
the center of the magnet, and is forced though the gap
tween the magnet and the voice coil. It then exits through
three ports in the magnet which originally provided pass
cooling. These ports are connected to the inlet side of
blower, thus completing the cooling loop.

The fundamental resonance of the system is found to
f 570 Hz, with almost a quarter wavelength in the 0.91-
long pipe. At this frequency, pressure amplitudes of 14 k
~174 dB re 20 mPa rms! are easily achievable at the close
end. For the next resonance, atf 5210 Hz, almost three-
quarter wavelengths are in the pipe and a pressure ampl
of 7 kPa can be produced. The complicated geometry of
speakers’ enclosure plus the pipe suppresses harm
generation,5 so shock waves do not occur even at these h
amplitudes.
718 J. Acoust. Soc. Am., Vol. 110, No. 2, Aug. 2001
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III. MEASUREMENTS OF p 2,0

All of the measurements reported in this section a
made using differential piezoresistive pressure transdu
~Endevco 8510B! referenced to atmospheric pressure. Ea
sensor is mounted by the manufacturer inside the tip o

FIG. 1. Schematics of apparatus.~a! Pipe and driver system. Cross sectio
of four of the eight speakers are visible in the lowest part of the drawing;
other four have the same arrangement, but displaced upward along th
paratus and rotated 90° with respect to the long axis of the apparatus~b!
Detail of cooling-air loop for one speaker. The blower and chilled-water h
exchanger are shared among all eight speakers.
B. L. Smith and G. W. Swift: Time-average pressure
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3.86-mm-o.d. threaded tube. The threads begin above
sensor in an effort to reduce any strain on the sensor elem
when the transducer is torqued down. The transduce
sealed to the apparatus by an O-ring. Although these tr
ducers are nominally linear~the manufacturer specifies les
than 1% of full scale nonlinearity for the 1- and 2-psi tran
ducers used here!, their nonlinearity is significant for accu
rate measurements ofp2,0, so we account for it by in-hous
calibration of the transducers. The transducers are calibr
statically against a Bourdon-tube gauge~Wallace and Tier-
nan model FA 145, checked against a NIST traceable s
dard! with ticks of 27 Pa. The specified accuracy for th
gauge is 33 Pa. The dial was read and recorded to an
mated accuracy of 13 Pa. The calibration data are show
Fig. 2 for two 1-psi transducers~open symbols! along with
linear fits to the data. The errors that would be incurred
using the linear fits are also plotted~closed symbols!. Rather
than the linear fit, we use a third-order polynomial to conv
voltage to pressure. The differences between the data an
polynomial appear random with an rms value of 6 Pa, mu
smaller that the accuracy of the Bourdon-tube gauge. As
be shown in Sec. IV, failure to account for the nonlinearity
the pressure transducer would result in a substantial erro
the time-averaged pressure result. The manufacturer’s sp
fications for the piezoresistive pressure transducers give
teresis and nonrepeatability errors that are each 0.2% of
scale. The rms sum of these two uncertainties plus the a
racy specification of the Bourdon-tube gauge is 0.6%, wh
will be assumed to be the uncertainty of the measureme

For measurement of the time-dependent signals, data
acquired phase locked to the forcing signal by a 100
sample/s 12-bit A-D acquisition system and stored on a la
ratory computer. All results are averaged over at least
cycles. For each measurement, one transducer is place
the closed end, while the second is successively moved a
the other eight measurement ports. The voltage signals f
the pressure transducers are converted to pressurep(t) using
the calibration curves described above before averaging.

FIG. 2. Calibration data for two 1-psi pressure sensors. The raw data
cated by the open symbols and the linear fits to them are associated wi
left axis. The filled symbols, associated with the right axis, show differen
between the linear fits and the data.
J. Acoust. Soc. Am., Vol. 110, No. 2, Aug. 2001
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fundamental pressure amplitudep1 is calculated using a Fou
rier transform ofp(t), and the time average is also com
puted.

Two cases are studied: 210 Hz, for which two press
antinodes exist within the measurement domain, and 70
which allows larger amplitudes. The 1-psi full-scale tran
ducers are used for the 210-Hz case, while the 2-psi tra
ducers are used for the 70-Hz case. In both cases, the la
amplitude studied is nominally the full scale of the tran
ducer. Data are acquired as fast as the data acquisition
tem allows, resulting in 220 samples/cycle for the 210-
case and 700 samples/cycle for the 70-Hz case. The distr
tion of p1(x) and p2,0(x) are shown for these two cases
Figs. 3 and 4. In each case, data were acquired for sev
closed-end amplitudesP1 , and each amplitude is given
unique symbol. For each of thep1(x) distributions, the data
are fitted toP1 coskx, where P1 is a fit parameter andk
52p f /a. Recall from Sec. I that the theoretical distributio
of p2,0 contains a spatially independent constant that m
vary with pressure amplitude. Since we are not intereste
the absolute time-average pressure, but rather how this p
sure varies in space, we ignore this constant by subtrac
the time-averaged pressure at the closed end from each
tribution. The results are shown in Figs. 3~b! and 4~b!, along
with curves generated using Eq.~5! and theP1 values from

i-
the
s

FIG. 3. Symbols show measured distributions of~a! p1(x) and ~b! p2,0(x)
for 210-Hz waves of nine different amplitudes in the pipe. In~a!, the lines
represent Eq.~3! with P1 adjusted to fit the data. In~b!, the lines represent
Eq. ~5! with no adjustable parameters, withP1 obtained from the fits in~a!,
and withC850. A representative error bar is also shown.
719B. L. Smith and G. W. Swift: Time-average pressure



l,
t a

h

en

t
c

er
w

an
e

o
n’
c

ea
e
io

ill

sor
o a
e

.
cil-
s-

The
r is

n-
ing

nt
the

ted
city
-
re
the
ith

al-
-

t

lign-

n of
ds
the first-order curve fits. Thep2,0 distributions for 210 Hz
shown in Fig. 3~b! match the theoretical distributions wel
with differences everywhere less than the measuremen
curacy. The agreement of the measurement with Eq.~5! is
very good. A more accurate result can be obtained at hig
amplitudes, such as the 70-Hz case shown in Fig. 4~b!.

The writings of the theoretical leaders of a previous g
eration, such as Morse and Ingard6 and Westervelt,7 suggest
that the truth of Eqs.~2! and~5! was once so well known tha
citation or publication of experimental validation was unne
essary. This attitude seems surprising, given the controv
in the literature mentioned above in Sec. I. Nevertheless,
have found only one previously published experimentalp2,0

result for a plane standing wave, similar to our Fig. 3: V
Doren’s master’s thesis.8 His experiment is based on Mors
and Ingard’s suggestion to measurep2,0 in a horizontal stand-
ing wave in air by observing spatial variations in the depth
a thin layer of water below the standing wave. Van Dore
results agree with the accepted theory to better than a fa
of 2, but perhaps not as well as one would expect.

IV. PITFALLS

These results belie many possible pitfalls with the m
surement of second-order time-average pressure, som
which have already been discussed briefly. In this sect

FIG. 4. Symbols show measured distributions of~a! p1(x) and ~b! p2,0(x)
for 70-Hz waves of nine different amplitudes in the pipe. In~a!, the lines
represent Eq.~3! with P1 adjusted to fit the data. In~b!, the lines represen
Eq. ~5! with no adjustable parameters, withP1 obtained from the fits in~a!,
and withC850. A representative error bar is also shown.
720 J. Acoust. Soc. Am., Vol. 110, No. 2, Aug. 2001
c-

er

-

-
sy
e

f
s
tor

-
of

n,

the pitfalls that we have identified and therefore avoided w
be discussed in detail.

For steady flow, it is well known that a pressure sen
in the presence of fluid motion must be mounted flush t
wall that is parallel to the flow direction in order to provid
an accurate measurement of Eulerian~static! pressure,9 and
that the pressure gradient normal to the wall is negligible10

However, the error incurred due to misalignment in an os
latory flow is not known. For this reason, an additional pre
sure port was added to the apparatus atx50.864 m that
allowed the pressure sensor to be extended into the flow.
arrangement is shown schematically in Fig. 5. The senso
traversed through the domain21.3 mm,y,1.3 mm, where
y is the extension of the sensor from the wall, by increme
tally rotating the threaded transducer 1/6th of a turn result
in increments of 0.13 mm iny. We estimate thaty is known
to within 60.13 mm. The maximum difference in alignme
between the center of the sensor and its edges due to
curvature of the pipe wall is less than half of this estima
error. The speakers are driven at 70 Hz and the local velo
magnitude is estimated using Eq.~4! and the measured val
ues ofP1 at the closed end. Data for five local velocities a
shown in Fig. 6. In general, extending the sensor into
flow results in a negative pressure error that scales w
ruvu2. The extension of the sensor from the wall is norm
ized by the sensor diameterD since we conjecture that three

FIG. 5. Arrangement used to study the impact of pressure-sensor misa
ment.

FIG. 6. Error in time-average static pressure measurement as a functio
the sensor–wall alignment. Positivey values indicate that the sensor exten
into the flow. Inset shows values ofuv1u. Note that the normalization by
uv1u2 increases the scatter of the low-velocity data.
B. L. Smith and G. W. Swift: Time-average pressure
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dimensional effects will begin to dominate as this value
proaches 1, and the behavior may depart fromruvu2. The
static pressure measurement error is caused by the pre
gradient associated with the streamline curvature induced
the obstacle~sensor! as shown in Fig. 5. No effect is see
until y.0.05D, which is not surprising given that the vis
cous penetration depth (dn5A2n/v, wheren is the kine-
matic viscosity! for these conditions is 0.078D. Interestingly,
however, retracting the sensor inside of the pipe wall has
effect, at least up toy521.27 mm. With these results i
mind, all measurements discussed in Sec. III were made
the pressure sensors recessed slightly from the inside wa
the pipe.

Although the results in Sec. III speak to the utility of th
piezoresistive pressure transducer for simultaneous mea
ment of pressure amplitude and time average, other m
sensitive devices for time-average measurements are a
able at a lower price. For example, a capacitance manom
with an uncertainty of 0.3% of the reading can easily
found. Furthermore, since the time-average pressure va
are so small compared to the oscillation amplitudes, i
reasonable to expect that a great advantage in accuracy o
p2,0 measurement could be obtained by utilization of a s
sitive manometer. Even a simple water manometer, obse
through a cathetometer, can easily resolve pressure di
ences of 0.1-mm H2O51 Pa. However, such devices a
much less compact than their piezoresistive counterparts,
thus cannot be easily embedded directly in the wall of
apparatus. Typically, such devices are connected to a s
‘‘tap’’ in the wall of the apparatus via a flexible hose. It wa
anticipated that the acoustic impedance of the tap wo
need to be large to prevent the large acoustic pressure o
lations from causing large oscillatory velocity through t
tap and therefore perhaps altering the reading. Despite
use of small-diameter taps, early results using this met
indicated problems, so it was abandoned in favor of the
ezoresistive transducers as described above. With confid
in the piezoresistive results, they now provide a baseline
comparison to illustrate problems encountered with the
remote manometer method.

In some measurements 6 years ago at Los Alamo
440-Hz standing wave in helium was used, with mean pr
sures ranging from 0.3 to 3 MPa and with two tap capillar
of 0.1-mm diameter and 1-m length extending from a diff
ential manometer to two different places in the stand
wave. Results bore little resemblance to Eq.~5!. We have
now identified two possible causes of error in this meth
streaming in the capillary, and jetting at the capillary e
trance.

Streaming occurs in the capillary because acou

power Re@p1Ũ1#/2, whereU1 is the complex volume-velocity
amplitude, must flow into and along the capillary to mainta
viscous acoustic dissipation in it, and hence a te

Re@r1Ũ1#/2 in the second-order time-averaged mass fl
with r15rmp1 /pm , must flow in as well. If the manomete
has no leaks, no net mass can flow into the capillary,

rmU2,052 Re@r1Ũ1#/2 must flow out of the capillary. Then
the second-order Navier–Stokes equation indicates
J. Acoust. Soc. Am., Vol. 110, No. 2, Aug. 2001
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Dp2,0 must exist in the capillary, in order to overcome vi
cous forces acting onU2,0. The calculation of thisDp2,0 is
simple for a short capillary, treated as a lumped flow res
tanceRn , connected to an infinitely compliant manometer.
this case,U15p1,e /Rn , wherep1,e is the complex pressure
amplitude at the capillary entrance. Then,p1(x) varies lin-
early along the lengthl of the capillary, fromp1,e at the
entrance to 0 at the manometer. Hence,U2,0 is also linear,
varying from up1,eu2/2pmRn at the entrance to 0 at the ma
nometer. Integrating¹p2,05Dp2,0/Dx5U2,0Rn / l along the
length of the capillary yields

Dp2,05up1,eu2/4pm ~6!

for the pressure drop along the length of the capillary. B
causepm5rma2/g, whereg is the ratio of isobaric to iso-
choric specific heats, the error indicated by Eq.~6! is the
same order of magnitude as the effect given in Eq.~5! that
we are trying to measure. Remarkably, repeating this ca
lation for an infinite-length acoustic transmission line co
prised of resistance per unit length and compliance per
length gives exactly the same result. Including the effects
inertance and thermal relaxation present in a capillary wh
diameter is not much smaller than the viscous and ther
penetration depths would presumably change the result.
have not verified Eq.~6! experimentally, but there seems
be no way to avoid such an effect if a capillary is used in
attempt to ‘‘time average’’ the pressure hydrodynamically

Even if Eq. ~6! ~or its equivalent with inertance an
thermal relaxation included! is accepted as true and is a
plied as a correction to measured results, jetting at the c
illary entrance can sometimes add yet another second-o
time-averaged pressure difference to the measuremen
Reynolds numbers much greater than unity, oscillating fl
at the entrance to a tube is very asymmetric, with outfl
creating a long jet~often with vortex rings! and inflow more
broadly distributed in angle. This asymmetry of flow patte
causes asymmetry in the oscillating pressure drop across
entrance, so that the time-average pressure drop is non
The magnitude of this pressure drop depends on detail
the entrance edges, but its order of magnitude isruvu2.

Details of one such jet are shown in the schlieren ima
taken in the vicinity of a pressure tap exposed to an oscil
ing pressure of amplitude 0.51 kPa shown in Fig. 7. A 1
mm-diameter 35-mm-long tap is used, and is connected
3.2-mm-i.d., 3.8-m-long hose. The pressure oscillations fo
air in and out of the pressure tap. The exiting air rolls into
vortex ring which propagates away under its self-induc
velocity. The image clearly shows the roll-up of a nasce
vortex ring and the starting jet behind the ring, which

FIG. 7. Schlieren image of the flow induced when a pressure tap (D51.8
mm! is exposed to an oscillating pressure. Pressure amplitude at the
location is 0.51 kPa andf570 Hz.
721B. L. Smith and G. W. Swift: Time-average pressure
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indicative of a stroke length 2uv1u/v much larger than the
orifice diameter. The remnants of rings from several previ
cycles are also visible farther down stream. This type of fl
is referred to as a synthetic jet, and it has been shown11 that
the pressure near the orifice of a synthetic jet is altered.
ting is likely also occurring on the opposite side of the t
~into the flexible hose!, resulting in a situation so comple
that no resulting pressure measurement should be surpr
or believed. Images were also acquired at higher frequen
and higher amplitudes and are not shown. In general, la
amplitude results in a longer stroke length and therefor
longer starting jet column. Increased frequency will redu
the stroke length and decrease the spacing between vor
Note that the pressure amplitude used in Fig. 7 is very sm
compared with those used elsewhere in this study.

To assess the impact of this flow on pressure meas
ments, we used a capacitance manometer connected vi
same hose to a 35-mm-long tap. Two tap diameters w
used: 0.18 and 1.8 mm. As indicated above, we anticipa
that this method would suffer most in regions of large pr
sure amplitude. For this reason, the speakers were drive
210 Hz, and measurements were made at both the pres
node (x50.40 m! and an antinode (x50.81 m! and are plot-
ted versus the closed-end pressure amplitude in Fig. 8
expected, the pressure tap results are in good agreement
the piezoresistive transducer results at the pressure
@Fig. 8~a!#. However, where the pressure amplitude is lar
at the pressure antinode@Fig. 8~b!#, use of a pressure ta
results in large errors that increase with pressure amplitu

FIG. 8. Time-averaged pressure measurements made at 210 Hz us
capacitance manometer attached to a wall tap, compared with ‘‘corr
results using a piezoresistive transducer for both time average and a
tude.~a! Measurement at pressure node.~b! Measurement at pressure ant
node.
722 J. Acoust. Soc. Am., Vol. 110, No. 2, Aug. 2001
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It is also remarkable that the tap diameter seems to have
effect.

Other sources of error in the time-averaged measu
ment are due to effects within the transducer and how
output is interpreted. Although not of concern for these m
surements, it is crucial to sample the signals rapidly eno
to capture any short-duration features1 that might contribute
to p2,0. Furthermore, if the transducer is nonlinear, measu
ment of its average voltage does not give the average p
sure directly. Suppose that the transducer is exposed to p
sure

p~ t !5pm1up1ucos vt1p2,0, ~7!

and that the transducer voltage depends on pressure via

V5Vm1A~p2pm!1B~p2pm!2, ~8!

with B a small coefficient of nonlinearity. Substituting E
~7! into Eq. ~8!, taking the time average, and neglecting t
very small termBp2,0

2 yields

Vavg5Vm1Ap2,01Bup1u2/2, ~9!

so that a naive measurement of average voltage would
gest that the average pressure ispm1p2,01Bup1u2/2A in-
stead of the true value,pm1p2,0. For our calibrations of
these transducers,B/A is found to be of the order of 0.005
kPa21.

In addition, it was found that for the more sensitiv
transducers used, the zero value was altered significa
each time the transducer was moved to a new port
torqued down. In fact, even though an effort was made
reproduce the same torque each time, the zero value o
transducer varied with a standard deviation of 0.03 kPa o
the entire data set. For this reason, at each location, data
taken with the speakers off to obtain a correct zero value

V. CONCLUSIONS

Accurate measurements of the second-order tim
averaged pressure in a standing wave in atmospheric air
been made at two frequencies and at pressure amplitude
large as 17.5% ofpm using piezoresistive pressure transdu
ers built into the resonator walls. Several possible er
sources are identified including sensor–wall alignment a
transducer nonlinearity. It is found that the former err
source can be eliminated simply by ensuring that the sen
is either flush or slightly recessed. Nonlinearity errors a
removed by full calibration of the transducers, and the use
polynomial fits to the calibration data. It has also been sho
that the use of capillary taps can lead to very erroneous
sults.
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